Abstract: We present a means of measuring the dipole orientation of a fluorescent, rotationally fixed single molecule (SM), using a specially designed phase mask, termed a "quadrated pupil," conjugate to the back focal plane of a conventional widefield microscope. In comparison to image-fitting techniques that infer orientation by matching simulations to defocused or excessively magnified images, the quadrated pupil approach is more robust to minor modeling discrepancies, defocus, and optical aberrations. Precision on the order of 1 o -5 o is achieved in proofof-concept experiments for both azimuthal (φ) and polar (θ) angles. Since the phase mask is implemented on a liquid-crystal spatial light modulator (SLM) that may be deactivated without any mechanical perturbation of the sample or imaging system, the technique may be readily integrated into conventional imaging studies.
INTRODUCTION
Single-molecule microscopy has long recognized the utility of measuring a fluorophore's dipole orientation [1, 2] . A variety of methods have been employed ranging from the use of polarizing/analyzing optics in confocal designs to precise recording of the distorted image which occurs upon defocusing a wide-field microscope [3] . Orientation studies have shed light on numerous biological processes [3, 4] . Furthermore, orientation must be taken into account when attempting to ascertain the precise positions of fixed single molecules from microscope images, so as to avoid localization errors that result when using rudimentary centroid-fitting schemes [5, 6] . Figure 1 illustrates some of the difficulties that arise when attempting to use image-based methods to estimate molecular orientation: The acquired image will change both as a function of defocus (the depth of the molecule relative to the objective's focal plane), and also as a function of the molecule's orientation with respect to the objective lens. In general, neither of these parameters is known a priori. In contrast, our method permits orientation measurements to be made without the need for precise depth information. For both the molecule shown on the top and bottom row, = 45°. For these simulations, the wavelength λ = 600 nm, the objective's NA was 1.4 and the immersion medium was assumed to have n = 1.518. Scale bar: 1µm.
Our quadrated phase mask [7] modulates single-molecule emission patterns into images that are highly amenable to quantitative analysis. The approach leverages the fact that a dipole emitter will non-uniformly illuminate the back focal plane (Figure 2a ) of a microscope. In order to illustrate this feature, Figure 2b shows simulations of the intensity distribution present in the back focal plane resulting from a molecule inclined at different orientations [8] . Unfortunately, directly measuring intensity in the back focal plane does not allow one to determine the orientations of individual molecules in a widefield imaging experiment. In the back focal plane, the emission from multiple (potentially variously oriented) molecules will overlap, rendering the intensity from a given molecule indistinguishable from that of the other emitters in the field of view. However, application of the quadrated phase mask causes the anisotropy present in the back focal plane to become readily measureable at the microscope's image plane. Intuitively, the function of the phase mask is to shunt intensity impinging upon different quadrants of the back focal plane into four different regions of a resulting single-molecule image. Orientation may be inferred using a simple maximum likelihood estimation algorithm for all molecules in a given field of view, using a single camera frame. Unlike methods that infer orientation from defocused images [3] , precise aberration modeling is not required, in fact, the orientation information in the images is relatively independent of defocus. Furthermore, in-focus single molecules may be analyzed, even if the effective detector pixel size is large. Simulated back focal plane intensity distributions for molecules oriented at various inclinations from the optical axis (θ). Top row depicts isotropic imaging media, while bottom row shows intensity distributions for molecules at an air-coverslip interface. Far right images show the resulting intensity distributions when an ensemble of randomly oriented molecules is imaged. For these simulations, the objective was assumed to have an immersion medium of n=1.518, the refractive index of air is 1, the assumed NA = 1.4. Color scale was re-normalized for each image. The size of the images depicted in (b) scales according to the focal length of the objective lens, but is independent of λ. (Scale bar is one objective focal length.) For all simulated images, = 90°. Figure 3 depicts our experimental setup, which augments a conventional epifluorescence microscope with Fourier plane processing. Using a polarizing beamsplitter, fluorescence exiting the microscope is separated into a reflected (R) and a transmitted (T) channel (respectively containing s-and p-polarized light, as defined relative to the surface of the beamsplitter). Using a 4f optical processing configuration, the electric fields of the two polarizations are Fourier transformed and projected onto a SLM programmed with the quadrated phase mask using a pyramidal mirror (Figures 3a and 3b ). An important feature of our setup is that the s-polarization channel undergoes an additional rotation before being projected onto the SLM (Figure 3c ). This effectively compensates for the fact that the SLM can only modulate a single polarization of incident light. The phase-modulated light from each polarization channel is Fourier transformed again, then relayed onto a separate region of an EMCCD. The resulting images may be calculated as: { } is the Fourier transform operation, and { } denotes a reflection operation about the ′ axis, which arises from the fact that the R channel incurs one additional reflection on account of the beamsplitter. ( , ) is the phase modulation imparted by the SLM. When the quadrated phase mask is in use (Figure 3b) , this term may be expressed as the following pyramid-shaped aberration consisting of four linear phase ramps:
EXPERIMENTAL DESIGN
The constant 0 is set by the dynamic range of the SLM (~6π), and = 0 / , where is the radius of the region in which intensity may be nonzero, as enforced by the numerical aperture, magnification, and the focal lengths of the lenses used in the 4f system. 
RESULTS
A sample widefield fluorescence image is presented in Figure 4a showing the R and T channel images. Each molecule appears as a four-pointed star in each polarization channel. Hence, a total of eight 'spots' are observed for each single molecule. Intuitively, light emitted by a molecule falling upon a given quadrant of the phase mask is shunted into one of the eight spots recorded by the EMCCD. Since the intensity distribution in the back focal plane is a function of orientation, the eight spots will have significantly different intensities (this feature is not present when imaging an isotropic point source, such as a fluorescent bead). Orientation is deduced from the relative intensity variations among the 8 spots.
To quantitatively estimate orientation, a molecule of interest is identified in both the T and R channels, and the area-integrated number of photons in each of the eight spots is calculated (Figure 4b ). Photon counts are stored in a vector . The maximum-likelihood estimate of a given orientation is achieved by maximizing the (Poisson) objective function:
( , ) is related to the log-likelihood, ( , | , ), by addition of a constant which may be neglected since it does not influence the optimization procedure. is the mean background fluorescence per pixel, and is the number of pixels in the region used to calculate a given . The eight-element expected image vector is determined by simulating an intensity-scaled image of a dipole fixed at orientation ( , ) embedded at an air-glass interface [9] , and incorporating the quadrated phase mask using eqns. 1 and 2. The resulting simulated images are then divided into eight sub-regions over which photons are summed. Orientation measurements may be represented as either a pair of angles, or as a point on a unit hemisphere: = {sin( ) cos( ), sin( ) sin( ), cos( )} =�P x ,P y ,P z �. When simulating trial images, and calculating , it is critical to incorporate important experimental features such as refractive-index variations between sample and coverslip, which will significantly alter the intensity distribution present at the back-focal plane (see Figure 2b) . However, it is not essential to precisely gauge microscope defocus. This is an advantage over alternative image-matching schemes that must gauge depth to within a few nanometers in order to generate an appropriate library of simulations. Defocus will cause fine variations in the image recorded, but will not drastically change the total amount of intensity contained in a given quadrant of a polarized image. Figure  5a shows a simulation of a molecule embedded in isotropic media, with varying amounts of defocus. In Figure 5b , the individual entries of , normalized by total measured intensity, are plotted. As is evidenced by the plot, if defocus is within = ±150 nm, there is little change in the resulting vector . If defocus exceeds this amount, the four spots in a given polarized image will either begin to overlap ( < −150 nm), or become too diffuse to extract a reliable intensity estimate ( > 150nm). As a proof of concept, nano-molar concentrations of the fluorophore dicyanomethylenedihydrofuran-N-6 (DCDHF-N-6) in 1% polymethyl methacrylate (PMMA) were spincoated onto microscope coverslips to form a film of orientation-fixed isolated single molecules. The quadrated phase mask was loaded onto the SLM, and twenty onesecond exposures were acquired with a 100x/1.4NA Olympus oil-immersion objective. The resulting orientation measurements for two representative molecules are shown in Figures 6a and 6b . Furthermore, we demonstrated our technique to be insensitive to minor defocus errors. The objective lens of our microscope was translated in 50nm steps, with eleven frames of data recorded at each step. When the focal plane is within ±150 nm of the layer of SMs, the orientation measurements are largely invariant (Figure 6c ), since there is little change in the major features of the images acquired using the quadrated pupil over this range (Figure 6d ).
CONCLUSION
Our method for measuring molecular orientation mitigates optical aberrations, since orientation is inferred from intensity summed over coarse patches of pixels. While fine-scale image matching algorithms may fail due to slight modeling discrepancies, ours does not suffer from this drawback. If high precision position measurements are desired in addition, our scheme may be adapted by turning the SLM on and off, and taking two separate images. 3D -,. ' I + a z position may be measured by toggling between the quadrated phase mask and an astigmatic or double-helix [6] pattern. In future work, we will adapt this scheme to gauge not only mean orientations, but also the rotational mobility [10] of individual molecules within a sample. 
